7.3 Reciprocal and Quotient Identities

7.3 Reciprocal and Quotient Identities

Wse the reciprocal and quotient identities 1o prove other
identities and 1o solve trigonemetric equations.

Get Started
Sinplify each expression, where a, b, 6, # 0
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Construct Understanding

Use these valies 6= 0,8 = T8 = 5,8 =

Far which valnes of 8 is cach equarion below mac?

T either equation true foeall vahues of 8 for which the trigomomeric
waios are defined? Jusify your nespenss

tan & cos §f = gin & tan # gin & = cos @

S What is the ko of £0E. 2
sino=% se=3
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A trigamometric dentity s a statement thar relates trignnomeric ratias,
and is true foe sll valnes of the varishle for which the trignnomenric ratios
are difined.

The cquation tan i cos § = sin it is an identity becamse it s e for all
values of # excopt # = 5 + 7k, ke Z, where tan 8 is not defined

n Legson 6.1, aix wriganameteic fancrions were defined in term of an
angle 8 in P i 3 unit clecle and paint Pix, y)
o the anit circle,

sinl=y st =x =0
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The fallosring i he d b
Reciprocal Identities
=1 =L =L
B = el = catd = o
n il 20 cosll 4 0 sn it # Oand cosdl & 0
Quotiant Idantitics

= 228 cn v 0

The reciprocal identities can be rearranged and written in other forms:

s =L sz
A

oe, cscein = | onseccos b = 1
=1 5
ot = sin f # Band cos i # 0

or,coditan® = 1

606 | Chapter 7: Tgamomeric Equations and kenites DO MOT COPY. 0P



Th ictis page 606 indicate that i both sides
of an identity are equal for all vehies of the varizhle for which cach.
cxpression is defined. This is true for all identities, so it is not noccssary o
write the non-permissible valacs of an identity becrase they can be
idomtific i where cach side of the i ity iz

Arig i e verified alpebeaically by sabesiruri
walie fiar the variahle A verificarion shows that an identiry i mue far
specific vahues of the varisble; it does not prove that the identity is trse
for all valoes of the varishle for which each erigomometric ratio s defined.

T sdentity i ali teah sde of th
identity is equal o the ather side, ar that both sides are equal to the same.
expressinn,

When proving an identity, it is often hel ! ing all th

i i in the identity in terms of th d cosii

to identify what can be siniplificd.

m Verifylng then Proving an Identity

For cach identity helow: e
v .
) _ X dantiy balow:
1) Verlfy the idensiny for# =T, R ety b
) Prowe the identiy o a:’_‘*;f’*m"
a) dn s cotd = | by SO n® g 11 Prove h ety
) foec 1+ comil)
SOLUTION =1 emed
a) i) sin s oot = 1 Sabstinuss: 6 = T R
" . " = v )
L& —dnfucon] RS -1 A a) LS = (sece)] +enss)
[
= (Foann * 5eCH +580O 0SS
-1 L SeL8 * o Ense
The left slde Is oqual ta the right alde, sa 8 = T s verified Su—
i) Simplify the ot sde.
. 1 _ nd ] rsece
15 = sdn@secdoncd !in}mnm:mcﬂ—“—mmﬁ—m
= i L, ot = RS
gy "
=1 b . wie-
. IRS _Jwe
T left side s cqual ta the right side, sa the identity i proved. .cote o
wte  cote
= {1 -tame
= L3
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b by Al ey b = 2
.\lns'rulcz
— = RS =1+
sda =1+1
A, =z
AR
T
e
¥
L
+2
=2
The left side s cxpual to the right e, so 6 = 7 is verified.
1) Stempkify the right side.
RS =1+t Subsiee cord = S0
o
_]4".=s
_ sind + coch
- -n
=18
The lcft side s equal to the right sid, so the identity is proved.
THINK FURTHER I Example 1h, the Identity can alsn be proved by boginning with the left

dde of the identizy:

In Example 13, vy did it make
sense to start with the lett side?

N

An idenrity can he verified graphically by graphing the functions
that correspond 1 cach side of the identity. For Esample Th, graph

yo el gy = )+ o matice than ot s ensered a4 s

[Fheid Fietd s
,\g\r’;‘l(sll;\(?)*cns(
o
e
gis
. \ \

The graphs eoincide, so the identiry is verified,
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Wb hoah gidies of an identiy ane complicaned, it may be sasier 1o prive
thvi: ideniry by shonsing that bath sides simplifiy ta the samse expresson
This i illustrared in Faewiple 2.

Identifying Restrictions then Proving an
Identity

For each Identiry belaw:
i) Determine the non-permissible values of 4
) Prove the identiry.

8 coit = SHES0E by OB i fsccd

soLuTIoN

o) 1) endl = SLsnd %, Bl
seem = =L cong = 20 o e s dennsinarar that s o tith od B A Bk
rawer 0, 50 the non-permsshle values occar when: 088
il ey cot@ = 222 ;4 5ing wo
6=3+shkeZ #=akke? &=o,m2n..
T iesible values can be comibined and werie RY-TR TTY 4

9=TekeZ



_ _
sech = m‘".mlﬂ

sin 6’
never 0, 50 the non-permissible values occur when:
cosf =0 or sinf =0
=3 +mkkeZ 6=mkkeZ

kkeZ
i) Simplify the right side.
[]

Substitute: cot f = <28,
sin 8’

st
= costl (—“',"’)

= cos'?

,. and sec 6 is a denominator that is

Thcsc' non-permissible values can be combined and written as:
f

sech =

#(5¢© and Sec® are never Zerok
Cos8
coto = she 7 sne o
e=0,m 2.
S OF TN ,neZ
= cote
L8 = Ses
- COSe/sr"e
1/sine
= (0s&
=RS
b) seco £ -1
cse#-1 +e¥T,3N,51..

cosf

=LS.
. d':l:ictnn:cucf]u.llmﬂ\cr@\lmdc,mdmsdmmyupmvci ~6 % (2nr ,neZ
b) i) HEE8RE  ingsech | +cose
00 =9 1ecp = L ind 1+ cou s denominatr RS Trsece
so the non-permissible vahues occur when: 1 +cos®
cos =0 or 1+cosf=0 1 * cose
6=3 +mkkeZ cos = —1 ,cose(z‘&b*')
6=m+amkke? e
= cose
=Ls
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Try #3,6

i) Simplify the left side.
—sind + ang
e ]
" _sing
Substitute: tan § = C
sinf
s
T+ cosh
cwsBsind + sinf
cos B(1 + cos6)

sinf +
LS. =

Simplify the right side.

3. Use algebra to solve each
equation over the domain

0<x<2m

8) Jeosx +1=2secx

) 2sinx = 3+ 2escx

Use algebra to solve cach equation over the domain 0 < x < 2.
Give the roots to the nearest hundredth where necessary.
b)sinx + v3cosx =0

gl SOLUTION
SaxS ) 3cosx + 1= 2secx ‘Substitute: sec x = 7
3 ) a) Jcosx+1= -z
0)28ink = 342" Gy 3msx+l=2(‘Tlx) Mnlﬁplymd\sidcb;:;x_
multiply both sides bysind  scols + cosx=2 Solve for x.
fay = 2el 3cos'x + cosx—2=0
28inX =3sinx +2 (Beosx— Dcosx + 1) =0
. . 3cosx—2=0 or cosx+1
25 -3sink ~2.=0) osx=3 -
. x=08torx x=m
(2sinx+ IXSMX*Z)‘O The roots are: £ = 0.84,x = 5.44, andx =
Verify the roots by substitution.

mY=~-1 sinx=
sinx 2 sm}w%,-) b) sinx + v/3 cosx =0

b) sink =cosx
cosX  €osX

tony = 1

Try £7-40 0, 1t
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Assume cos x # 0, then divide by cos .
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o 3m
Forcosx = 0,x=Forx =73

Verify by substtution that neither valuc of s  roat of the given
equation,

The roots are:x = 2 and x = &

Verify the roots by substitution.

Here are some strategies to use to prove an identity:
+ Start by simplifiring the side of the identity that is more complex.
* Write the expressions in terms of sin x and cos x.

Discuss the Ideas

1. Whatis the difference between a trigonometric identity and a
trigonometric equation? Suppose you are given a trigonometric
equation. What strategy can you use to check whether it might be an
identity?

Can you conclude that an cquation is an identity when it is shown to
bevalid for a given value of the variable? Explain.

Exercises

3. Write cach expression in terms of a single trigonometric fanction.
b sia’®
cos’y
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