7.2 Solving Trig Equations
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7.2 Solving Trigonometric Equations Algebraically

m Use an algebraic method to solve first- and second-degree
trigonometric equations.

Get Started

Construct Understanding

Without graphing, solve the equation 4 cosx + 3 = 7cosx + 2
for0 = x < 2m.

Check the solution graphically.
-3 -3
A Yeosx +3 = Meosk +2
-7 CosX -7 cosX
- 3c08% = -1 ¢ A
oS % = % o
ar i
x ces'(3) T c
x = 1.2%
= for cosine soluhens | subtract
answer from 21t
21-1.23 =5.05
x=123 5.05
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To solve a first-degree trigonometric equation, isolate the trigonometric
function to reduce the equation to the form sin x = a,cosx = a,or
tan x = a, where a is a constant. Some of these equations have exact _
numerical solutions. In these cases, the solution is a multiple of 7 it 4

Consider solving this equation for 0 = x < 2m
2cosx + 1 =0 Isolate cos
2cosx = —1
__1
sy =—3
The cosine of an angle is negative when its
terminal arm lies in Quadrant 2 or 3.

. 1\ _ =«
The reference angle is: cos '(-2

N S—

Use the completed table
in Chapter 6, page 476,
to identify the exact
angle.

In Quadrant 2, xis:m —

3
nw
In Quadrant 3, xis:m + 3

So, the roots are: x = 27 andx = %r
The graph of y = 2 cos x + 1 has period 2.

ezl \ N\ A\ A\ /

wl-14047l975

Ymax=4
Vsc’l‘=1
Xres=1

So, the general solution of the equation 2cosx + 1 = 0 is:

X =ZT“ + 2wkorx =‘T“ + 2wk, where ke ¥

THINK FURTHER

What are the roots of 2 cos x + 1 = 0 over the domain — 21 < x < 0?

©P DONOTCOPY.
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1. a) Use algebra to solve the
equation 7 + 2sinx =
4sinx + 5for

-2T ~3§6° < x < 0¥ then
wrrite the general solution.

b) Use algebra to determine
the general solution of the
equation cos 3x = —1 over
the set of real numbers,
then list the roots in the
domain =21 < x < 0.

A a) T+2simx =Ysinx 5

-2smk =-2
s =1
= .E-
2
+but -2 {X 20 so subhnad 2x
E_op=-3E
z 21 >
general solution: %= -3L +2mn
where neZ
b) cos 3x =-1 cosx =-1
3X=T K=
=K
**3

co$ 3% has a pered of %‘

-, other solutions (n O£X<2T & b) cog 3x = —

2x _an,
i

2K _ SR
LAS B
on: =, 2
geneml solution: 4 3 I
where neZ
Tr) F24,7
#2 sinx=1y  tnx=11,0
sinx=28  tmx=tg
snx=tg tonx =13
sinx=0,%1

(same for cosine)

Determining the Exact Roots of a
First-Degree Trigonometric Equation

a) Use algebra to solve the equation /2sin x — 3 = =2 for
—360° = x = (F, then write the general solution.

b) Use algebra to determine the general solution of the equation
cos 3x = —5 over the set of real numbers, then list the roots in the
domain —mw < x = m

SOLUTION
a) J2sinx — 3 =-2  Solve forsinx
V2sinx =1
smy = L

V2
Since sin x is positive, the terminal arm of angle x lies in
Quadrant 1 or 2.

The reference angle is: sin ‘(vL’-l) = 45°

In Quadrant 1, x = —360° + 45°

x =—315° <315
In Quadrant 2, x = —180° — 45°
x =-—225° 4 L

The roots are: x = —315°and _%/
x = —225"

The period of sin x is 360, so the
general solution is:

x ==315° + k360°, ke T

orx = —225° + k360°% ke &

2

Since cos 3x is negative, the terminal arm of angle 3x lies in
Quadrant 2 or 3.

The reference angle for angle 3x is: cos '(—;) = 13'

In Quadrant 2: In Quadrant 3:
A solution is: A solution is:
= - = x
x=m 3 x=m+ 3
2 dr
Jx =5 Jx=-5
2 A
x=- x=-g
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For angle 3x For angle x

I\

3

olt

LN

The period of cos 3x isz‘?’".so the general solution is:
X =2—: + zTﬂk.keZorx =g +2—;k,keZ

Substitute integer values for k to obtain all other roots between

—arand .
Whenk = 1:

2 2w i 2w
x=T+T or x=T+T

B 10 s .
X= x = —g,notin the domain
Whenk = -1

_ 2w Iw _dw 2w
rET TF or X=ET TF

_ A _ 2w

=779 X="73
Whenk = -2

_ 2w A _ A dr
rET TF or S T

R _ _bm
X = —3-, notin x=—7
the domain

2 A B

The roots are:x = tg,x= :!:T.andx =+

In Example 1, each root can be verified by substituting it into the original
equation.
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Check Your Understanding

2. a) To the nearest hundredth,
solve the equation
csx — 6 =4dcosx — 4

3
for (VYW W W Y
then wirite the general
solution.
b) To the nearest degree,
solve the equation
V2 scx = —5fo

r
- L3

—180° = x < 188 then
wrrite the general solution.

A o) cosn-b = Yeosx-4
~3cosX = Z
COS'X=~73' & cosine 1S e

in Q2 XG3

% =cos'(-3)
X230 ¢Q2
21 -2.30 =398 <a3

%= 2.30+2Tn , 3.98 + 210
where neZ

=-5
b) csex &
snx = -%- &sineis ncgah’ve
) = 83 a4
x = snn"(- g)
% =-0.29 a4
R = -TL+0,24 = -2,85 < Q3
if o¢xean
-0.29 T2 = (.00 «Q4
T+ 0.20 =342 <Q3
geneml golution:

K= -0.29 +21n ,-2.85 +2n
where n€ Z

e

=

Example 2 Determining the Approximate Roots of a

First-Degree Trigonometric Equation

a) To the nearest hundredth, solve the equation

b)

S—3tamx=2tanx+ lfor—m < x<}7".thcnwritcthc
general solution.

To the nearest degree, solve the equation 3 = /3 sec x for
—90° = x = 270°, then write the general solution.

SOLUTION
a) S—3tanx=2tanx + 1 Solve for tan x.
4=5tanx
4
tanx =z

b)

Since tan x is positive, the terminal arm of angle x lies in
Quadrant 1 or 3.

The reference angle is: tan '(—;) = 0.6747...

For( < x <= %ﬂ: !

In Quadrant 1, x = 0.6747. ..

In Quadrant 3,x = 7 + 0.6747... 087\
x = 38163... /

For—-m < x =0 282 —247

In Quadrant 3, x = — + 0.6747...
x = —2.4668. ..

To the nearest hundredth, the roots are:
x=067,x =3.82,andx = —2.47
The period of tan x is m, so the general solution is approximately:
x =067 +wkkef

3= Bsecx Solve for cos x.
socx = vi‘,.s,orﬁ

1
e X =—g
V3

Since cos x is positive, the terminal arm of angle x lies in
Quadrant 1 or 4.

The reference angle is: cos '(:1/.;) = 54.7356...°

For 0 = x = 270°,in Quadrant 1, x = 55°

For —90° < x = 0% in Quadrant 4, x = —55°

To the nearest degree, the roots are: x = 55° and x = —55°
The period of cos x is 360°, so the general solution is
approximately: x = £55° + k360°, ke &
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Recall the strategy for solving a quadratic equation such as:
5¢'=1—4x  Moveall the terms to one side.

S +4x—1=10 Factor.
Sx—1)x+1)=0 Equate cach factor to 0, then solve for x.
Either5x —1=0 or x+1=0
Sx=1 x=-1
x=1
5

The algebraic strategies for solving a quadratic equation can be applied to
salve a second-degree trigonometric equation. Consider solving the
equation 5 cos’x = 1 — 4 cos x over the domain 0 < x < 2m.

5c08'x = 1 — 4cosx  Move all the terms to one side.

Scosx+4cosx—1=0 Factor the expression, treating
cos x as the variable.
(5cosx — 1)cosx + 1) =0 Equate cach factor to 0, then
solve for cos x.
EitherScosx — 1 =0 or cosx+1=10
Scosx =1 cosx = —1
cos X =—; The terminal arm of angle x lies on the

cos x is positive when the negative x-axis, s0: X =
terminal arm of angle x lies in
Quadrant 1 or 4.
In Quadrant 1, x = cos '(é)

x = 1369, ..
In Quadrant 4, x = 27 — 1.3694. ..

x=49137...
The roots are: x = 1.37, 2 = m,and x = 4.91
The roots can be verified graphically.

Flotd Plotz Pletz W INDOW

NIEFR e fnan=e :
N Sz 7B8358Te,
Wi= Ymin=-5
We= Ymax=95
SvEs Sremi YU e

The roots can also be verified by substituting in the original equation.
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3. Use algebra to solve the

equation 2 cos’x = 1 over the —HF=x=0
domain 0° < x < 360°.
(=] 2
QA 2o -1 SOLUTION
o8y =L 4sin'x = 3 Solve for sin x.

z a

Solving a Second-Degree Trigonometric
Equation by Using Square Roots

Use algebra to solve the equation 4 sin’x = 3 over the domain



UGN U > X - 30U

(=} 2n
A 2¢0s* 2 =1
cos*x = %—

cosx =1 J'—E . ¢"a=

4. a) Use algebra to solve
the equation
csx =1 — 3 cos’x over
the domain —m < x < .

b) Determine the general
solution.

Give the answers to the nearest

hundredth.

A BeosK reosx - 10
L HTEGED
23)
= -1313
©

cosX =

quadratic formula:
_ -bJb"Hac

T
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SOLUTION

4sin’x =3 Solve for sin x.
.1 2
sin'x =

sinx ==+ %, or i:-\/—g
4 2
Since sin x is positive or negative, there is a soflution in every quadrant.
The reference angle is: sin '(é)

In Quadrant 1, x = —360° + 60°, or —300°

In Quadrant 2, x = —180° — 60°, or —240°

In Quadrant 3, x = —180° + 60°, or —120°

In Quadrant 4, x = —60°

Verify by substituting each root in the equation: 4 sin’x = 3

The roots are: x = —60°,x = —120°, x = —240° and x = —300°

= 60°

When a second-degree equation cannot be solved by factoring or using
square roots, the quadratic formula is used.

Solving a Trigonometric Equation Using
the Quadratic Formula

a) Use algebra to solve the equation 4 tan’x = 2 tan x + 1 aver the
domain —7 = x = m,
b) Determine the general solution.

Give the answers to the nearest hundredth.

SOLUTION

a) 4tan’x = 2tanx + 1 Move all the terms to one side.
4tan’x — 2tanx — 1 = 0 ‘This does not factor.

Use the quadratic formula: tan x =w
Substitute: a = 4, b= =2, c = —1
_2EN(2) A (-1)
- 2(4)
2420 1£45

g "

tan x

tanx =
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~TL&X4ETT

- Q Cosx = ~1V13_
Eithcrtanx=]+4\/§ or tanx=- 4\/5 oo e w
G W [E]
tan x is positive when the tan x is negative when the %= CDS'( ¢ )25 a2
terminal arm of angle x lies terminal arm of angle x lies
in Quadrant 1 or 3. in Quadrant 2 or 4. K=-245 Q3
The reference angle is: The reference angle is:

wn ’(Lf/g) =06802..  tan ‘(@) = 0.2997....

In Quadrant 1, x = 0.6802.. . In Quadrant 2,

X:ws"é—-—i"’m =112 <01

In Quadrant 3, x=m — 02997... * =112 <at
x = —m + 0.6802... x = 2.8418... 9‘,',,,mﬂ solution:

x = —24613... In Quadrant 4, x = —0.2997.. . X=1112+2nn, t24542mN
Verify by substituting each root in the given equation. where n€Z.

To the nearest hundredth, the roots are: x = —2.46,x = —0.30,

x = 0.68,andx = 2.84 Tryi P52 #2.4,6,7,11, 14

b) The period of tan xis m, so the general sofution is approximately:
x=068 + mhkeforx =284 + ak kel

THINK FURTHER

In Example 4, when tan x is negative, why is the reference angle m*'(ﬁ)‘f

F]
A

On a graphing calculator, input y = 4 tan’x
and y = 2tan x + 1, then determine the ¥
approximate x-coordinates of the points #z-2.\s1378 [v=2.61803
of intersection:

X = —2.461378

X = —0.2997086

X = 0.63021498

X = 28418341

These values match the values determined algebraically, so the solution is
verified.

The solution of the equation in Examiple 4 can be ‘V
verified by graphing. A \{ / \{
AR

-
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e
Discuss the Ideas

1. For equations of the form sin x = ¢, cosx = ¢,and tan x = ¢, where ¢
is a constant, what restrictions are there on the value of ¢ for the
equations to have real solutions?

A

2. How do you recognize when an exact solution to a trigonometric
equation exists?

QA

3. Asecond-degree trigonometric equation in terms of sin %, cos x, or
tan x is solved over the domain 0 = x < 2. How many roots could
the equation have?

A

Exercises

Use algebra to solve each equation. Give exact vahies when possible;
otherwise write the roots to the nearest degree or the nearest hundredth
of a radian. Verify the solutions.

4. Solve cach equation over the domain 0 = x < 2m.

a)sinx=é I))tanac=\—:,.3
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