5.7 Solving Logarithmic and Exponential Equations

m Solve logarithmic and exponential equations algebraically.

Get Started
simplify each expression.
log,100 + log,2 log,35 — log,7
QA =logy200 =logs (%)
=logs 5
=1

Construct Understanding

Use algebra to solve this equation: log x + logx =2

Verify the solution.

QA log, X +log,x =2
210q, % =2

e iy

|c3.x=1

2! = x

X =2

A logarithmic equation is an equation that contains the logarithm of a

variable.
The laws of logarithms may be used to solve logarithmic equations.
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Check Your Understanding

1. Solve: log,9x + logx = 4

Verify the solution.
log, %" =4

3? =q¢
=9 =9
q =x*
!ﬁ = X
t3 =X

since xvo , [x =3]

verify:

LS = |Ogsc“3) + |09,3

=|03927 *|°333
= 3 t 1
* Y

=RS

Example 1

Verify the solution.
SOLUTION

5 = log,x + log,2x

5 = log,(x)(2x)

5 = log,2«
2 =7

=12

X=16

x = +/16

x=+4

Solving a Logarithmic Equation

Involving log,dx

Solve: 5 = logx + log,2x

Use the product law of logarithms.

Write as an exponential statement.

A logarithm is not defined for a negative number, so the solution is

x=4
To verify x = 4, substitute in the original equation.
R.S. = log,x + log,2x

= log,4 + log,38

=2+3

=5

= LS.

Since the left side is equal to the right side, the solution is verified.

The solution of Example 1 can be verified by

solving the equation 5 = log,x + log,2x

graphically. Use the change of hase formula.

In a graphing calculator, input:

_ loglx)

y=>5andy = 8@ +

log(2x)
log(2)

Use the intersect feature from the CALC menu to determine the
x-coordinate of the point of intersection. The solution is x = 4.

In Example 1, x = —4 is an extrancous solution.

A logarithm is defined for only positive numbers so, in the equation

5 = logyx + log,2x, x = 0. However, when the laws of logarithms were
used to combine the logarithms, the term log, 22" was obtained.

Since % is positive for all values of x except x = 0, this new equation
is defined for all real numbers except 2 = 0. Therefore x = —4isa
solution of the equation 5 = log,2«’, but not of the original equation

5 =logx + log,2x.
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Solving a Logarithmic Equation
Involving log,(dx — a)

Solve, then verify each equation. -

a) 2logx — log(x + 2) = log(2x — 3) 2. Soive..then verify each

b) log(x + 3) + logix + 4) =1 equation.

a) logix = log {x + 6) +
I -1

SOLUTION . °g°'2 :

a) 2logx — log(x + 2) = log(2x — 3) )3 = loglx +2) + logyx
Consider the values of x for which each logarithm is defined. Q a) |°96x |os(x§6) los(x-t)
x=0 x+2=0 2—3=0 X >0 xX%-6 x>\

x = =2 x =15 Sx 0l
So,x = 1.5 _
2logx — log(x + 2) = log{2x — 3) Use the laws of logarithms. |%6X - l%(X%XX 1)
logx’ — log(x + 2) = log(2x — 3) G6x = (x+eXx-1)
: = 3 -
AR ‘ 0=x2-%x-6
Write both sides as exponents of 10. 0 =(x-3XXt2)
=23 Multiply cach side by x + 2 k=3orx=-2
X =(2x=3)x+2) extmneous
L=u+x—-6 root
£ +x—6=0 Solve by factoring. \ICN'F\,‘-
(x+3)=-2=0 LS=1096(3) RS= log(3+6)
x+3=0 or x—2=0 zloa I8 +|03(3~a)
x=-3 x=12 -|03 :'ojﬁﬂoaz
Sincex = 1.5,x = —3 is non-permissible, so it is an extrancous root. =loa 8
Substitute x = 2 in the original equation to verify this solution. ;Losa
LS. = 2logx — log(x + 2) RS. = log (22 — 3)
=2log2 — log(2 + 2) = log (2(2) — 3) b) |°3;""") log, X
= log2' — log4 = log1 Xy2 X %0
=logd — log4 =0 . >0
o 8 og — X
3log,2 = log, (x+2X0
Since the left side is equal to the right side, the solution is verified. : °9.
i i _ loa.2> = loq. (X*+2X)

b) log,(x + 3) + log(x + 4) =1 03:. 2
Consider the vahies of x for which each logarithm is defined. 8 = X*+2x
x+3=0 x+4=0 a 8

0O = X*+2%-

x= =3 X =—4
So,X = —3 0 =(x+4Xx-2)
log(x + 3) + log(x + 4) = 1 Use the product law. X =-4orx=2

log,[(x + 3)(x + 4)] =1 since x 0 [x=2]
log(x' + 7x+12) =1 Write in exponential form. .
L+ 12=6 verify:
X +Tx+6=0 Factor. RS = |°93 (2+2) ”03:2
(x+6)x+1)=0 tloga 4 t log, 2

x+6=10 or x+1=0 2032. N :3

x=—6 x= -1 : 3

LS
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Sincex = —3,x = —6 is an extrancous root.
Substitute # = —1 in the original equation to verify this solution.
LS. =log(x + 3) + log(x + 4) RS. =1
= log,(—=1 + 3) + log,(—1 + 4)
= log,2 + log3
= log,(2)(3)
= log,6
=1
Since the left side is equal to the right side, the solution is verified.

In Lesson 5.3, algebra was used to solve exponential equations for which
both sides of an equation could be written with the same base. Most
exponential equations cannot be written this way. Logarithms can be used

to solve these equations.

Example 3 Using Logarithms to Solve Exponential

Equations
Check Your Understanding
. . Solve each exponential equation algebraically.
3. Sohe aach expopermd equation Give the solution to the nearest hundredth.
algebraically. Give the solution 9 = 50 b) 2(5° %) = 100 2% = g1
to the nearest hundredth. 0y = ) 2 - 9 -
a)12 = 4" )36 = 302"
97" = 6 SOLUTION
“ x a) 9* =50 Take the logarithm base 9 of each side.
a) 12=4 log,9% = log,50
|os|2 = |oglll x = log,50 Apply the change of base formula.
- 4 _ logs0
'os.z xlog - = Tog 9
logz _ x =178
log4 b) 2{5°7) = 100 Divide each side by 2.
x =119 557 =150 Take the logarithm base 5 of each side.
log,5 * = log50
X+ ¥
b) 36=3(2"") (x — 2) = log,50 Solve for x.
12 = 2’”' x = log,50 + 2 Apply the change of base formula.
t 1]
- _logsb
log 12 |°32 x—&hgs+2
logi2 = (xt 1)‘03 2 x = 4.43
' lg = X+l
03 - log\2 _ 1
X "3 2
X £2.58
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) 2 =" Take the commaon A C) 3“' - Gx
logarithm of each side. X x
log 2" = log 6% Apply the power law. los 3 = |03 6
(x+3)log2=(x-1)logé Apply the distributive law. | - 6
xlog2 +3log2 = xlog6 — 1logé Collect like terms. (X")|093 X|03
3log2 + log6 = xlog6 — xlog2  Apply the power law. X|°33*|°33 'XIOSL
Remove x as a common _ b- 3
factor. bﬂ 3 =x '03 Xlﬁ
log2 + log6 = x(log6 — log2) :E}::,i?;g:dm and =¥ 0036 -I(ﬂ 3)
) - L
log (8 * 6) = xlog (g) ' =X (|°3(3 ))
log48 = xlog3 Solve for x. 033-')( 'oﬂz
. = log 48 log 3 _
*= T o5z
x =352 1.58
x=1.
Lo L Assignment:
In Example 3c, could logarithms with a different base be applied instead of common P,qzz #5,1,(3-13)a

logarithms? Justify your answer. Why do you think common logarithms were used?

A

Discuss the Ideas

1. Why is it necessary to verify the solution of a logarithmic equation?

A

2. Is the root of a logarithmic equation always positive? Explain.

A
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