5.2 Analyzing Exponential Functions

I sketch the graph of an exponential function and describe
its characteristics.

Get Started

Suppose a colony of bacteria doubles in size every hour. Initially, there
were 100 bacteria. How many bacteria would there be after each time?

* 3 hlater
Q 100x2 x2x2 = 100x2?
= 800 bacteria

+ 5hlater
A 100x2° =3200 bacleria

* 12 h later 2
A {oox2 " = 409600 bacteria

Construct Understanding

Use graphing technology. Graph each set of functions below on the
same screen. For each set, how do the graphs change as the base of
the power changes?

Which point do all 6 graphs have in common?

How are the graphs in set A different from the graphs in set B?

Set A: y=LF  y=3 y = 10°

Set B: y=09  y=05  y=0I°

o.1*
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Exponential Function
An exponential function is any function of x that can be written in
the form y = a", where a is a positive constant.

Graphofy = a',a > 1 Graphofy = a0 <a <1
y ¥
y=4& a1 y=a"0c2c
X X
0 0

When a = 1, as xincreases When 0 < g < 1, as x increases
y increases. y decreases and approaches 0.
The function is increasing. The function is decreasing.

An exponential function, ¥ = &*,a = 0,a # 1, has these characteristics:
* The graph has y-intercept 1.
* The graph approaches the x-axis, but never reaches it.
The function has a horizontal asymptote with equation y = 0.
* The graph does not have an x-intercept.
+ The domain of the function isx= R.
The range of the functionis y = 0.

Sketching the Graph of an Exponential
Function and Identifying Its Characteristics

a) Graphy = 7
b) Determine:
i) the effect on y when x increases by 1
ii) whether the function is increasing or decreasing
iii) the intercepts
iv) the equations of any asymptotes
v) the domain of the function
vi) the range of the function

-

THINK FURTHER

Is it possible for the graph of an
exponential function y = &,

a = 0, to have a yintercept
ather than 17

A x=0 at y-int

a'=1

No, it is not Possiblc.

THINK FURTHER

Describe the graph of the
exponential function whena = 1.

m y:lx=l

Check Your Understanding

I £
1. a) Graph y = (3)
b) Determine:
i) the effect on y when
x increases by 1
ii) whether the function s
increasing or decreasing
iii) the intercepts
iv) the equations of any
asymptotes
v) the domain of the
function
vi) the range of the function
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LAV
ah 1;__};_ ® SOLUTION
-1l3 a) Create a table of values.
ol 7
1|13 e x ym=3
21|14 1 8
-2 3 ][
N ‘
3 .
b) When x increases by 1, o '/ EL
y is multiplied by Ya. 1| o3 b 1ol 1%
2 9
The function is decreasing|
x-int : none b) i) From the table of values, when x increases by 1,
int: 1 y is multiplied by 3.
y-r ii) Since y increases as x increases, the function is increasing,
asymptote: y =0 (‘L-ﬂ&i s] iii) From the graph, there is no x-intercept. The y-intercept is 1.
ymp iv) The x-axis is a horizontal asymptote; its equation is y = 0.
D: Sxekg ¥) The domain of the function isxe R.
vi) The range of the function is ¢ = 0.
R: £ylyYo,yeRE
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The graph of an exponential function can be stretched, compressed,
THlN K FURTHER o reflected in an axis, and translated, in that order.
How is the exponential function in

Example 1 related to a sequence?
Q 'lhehnctiony-k-m"‘".a.‘ao.cﬁo,dqiﬂ
When the graph of y = a”is: d(x-h)
 stretched vertically by a factorof ||~ ) = €0 +k

. mmhcdhoﬁzontaﬂyb}ramofﬁ
+ reflected in the x-axis when¢ < 0

+ reflected in the y-axis whend < 0

* translated k units vertically

+ translated h units horizontally

the equation of the image graphis:y — k = e V2= 0

The general transformation is: (x, ) corresponds to ("l; +hoy+ I.)
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m Transforming the Graph of y = a*

a) Use the graph of y = 27 to sketch the graph of y = 2 — 4,
b) For the function y = 2™ — 4, determine:
i) whether the function is increasing or decreasing
ii) the intercepts
ifi) the equation of the asymptote
iv) the domain of the function
¥) the range of the function

SOLUTION

a) Write the function as: y + 4 = 2
Comparey + 4 = 2 withy — k = 2** ™
k=—-4c=1d=2andh =0
The graph of y = 2™ — 4 is the image of the graph of y = 27 after
a horizontal compression by a factor of-l, then a translation of 4
units down.

Use the general transformation: (x, y) corresponds to (5 +h ey + k)

The point (x, %) ony = 2* corresponds to the point (;. y = 4) on
y+4=2%
Choose points (x, y) on y = 27
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Check Your Understanding

2. a) Use the graphof y = 2*to
sketch the graph of
y=3(2"""9.

b) From the graph of
¥ = 3(2"""), determine:
i) whether the function is
increasing or decreasing
ii) the intercepts
iii) the equation of the
asymptote
iv) the domain of the
function
v) the range of the function
-(%-2)
)

N y=32

transformations :
overtical expansion b
a fador oFPg y- 33
0 horizontal reflection
(reflection in y-an's) x->-X
atranslation 2 units rignt
X X +2

(-x%2,3y)

¥
(x y) G-Y“) —3 Tl ’x y’Zx
(2,025 | (-1,-3.75) 2 j],=;n_4 (x,y)
(—1,0.5) (-05,-35 ™ (-2, ")
© 1) (©, -3) (-1,Y2)
1,2 0.5, -2
:2,4: :1.0) ) (o, 1)
(t,2)
(2,4)

b) From the graphof y = 2 — 4
i) The function is increasing.
ii) The graph has y-intercept —3 and x-intercept 1.
iii) The graph has a horizontal asymptote with equation y = —4.
iv) The domain of the functionis xR,
¥) The range of the functionis y = —4.

Ass'lﬂn ment:

(4, 34)
(3, %2
(2,3)
(1, @)
(0,12)

The function is decreasfna.
x-int: none

y-int: y=3(2°"%)-3(2)=12
asymptote: y =0 *onl Chl?!’?uelrs\
D: $xeRE ‘ranslations

R: gyly )O,yéﬁ?
p.34 114 7,10
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Ass'lﬂnmeni: p-311 #1-4.7,10
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