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3.5 Inverse Relations
manh inverse relations and i

Get Started

Solve each equation for x.
QA

cy=3¢ -5 cy=2x-3'+4
A

Construct Understanding

State the domain and range of cach function below.
On each grid, reflect the graph in the line y = x

Describe your strategy.
State the domain and range of the reflection image.
What is the relationship between the coordi of pairs af

corresponding points?
Use this relationship to describe a possible rule for reflecting a
graph in the line y = x.
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To determine the inverse Here are the graphs of y = 2x + 4 and

eWn oFy-—Z’x*ﬂ, !=%x_2_
switch % and y , then T :
< olate The graph of p = 3¢ — 2 is the image of the
L y graph of y = 2x + 4 after a reflection in the

g = 2 +Y liney = x.
F %= Zy*q

Point on Point on
-y -4 y=2x+4 1 A point, such as (—4, —4),

P y=zx=2 which lies on the graphs



!‘-‘ 2% +Y liney = x. A EEEIE
// +
F %= 2’ 4
-y -y P“':“‘z:':_ . i A point, such as {—4, —4),
_ ¥ y=gx-2 wihich lles on the graphs
aH =2y ) &1 The % and ofy =fldandy =xis
2 z ) &0 yalues  an fnvariant point. This
T X L tteh,  pointalso lies on the
or F(x-N)=y =y © -2 el graph of the Inverse
Log-2 = An invariant point
21‘ 2 y 15 i N . Idnes pd move.
The ¢ of ¢ P g points are ged (T+ dpesmt
7=%x_ 2i5tl|:invwse(:flhcfunn:liuny= Ix + 4. Vﬂq-)
The equation of the inverse, y = 3',3: — 2, ean be solved for
xand written as x = 2y + 4,0rx = f(y).
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Reflecting in the Line y = x

For a function y = fix), the graph of x = fiy) is the image of the
graph of y = fix) afier a reflection in the line y = x.

y = flx) and x = fly) are inverses of each other.

A point (x,y) on y = fix} corresponds to the point (}, x) on

x = fiy).

‘When the inverse is also a function, the nubatiun_f_‘{x) is used to denote
the inverse function. We say, “f inverse of x" 1
For example, when f(x) = 2x + 4, then f '(x) = 3x — 2

Here is the graph of y = flx).
a) Sketch the graph of its inverse
on the same grid.
b) Is the inverse a function? Explain.

€} State the domain and range of the =2 2134
function and its inverse, ¥ id
4
SOLUTION

a) Sketch the line y = x. Reflect points in this line,

Point on Point on

y=f |x=1()

b CE] r=MNL
-5, 1) {1, -5) EEEEET
-2, 4) (4, -2} e

0, 1) 0.0 T,
8, 0) 4

Plot the points, then join them with line segments.

b) Both points (1, 0) and (1, —5) lie on the graph of the inverse.
So, the inverse is not a function because its graph does not pass
the vertical line test.

€} Thedomainofy = flx)is: =5 < x = 4
Therangeof y = flx)is0 < y < 4
Thedomainof x = f{y)is:0 = x < 4
Therangeof x = fiylis: =5 < y < 4
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THINK FURTHER

How Is the slepe of the graph of a
linear function related to the slope
of its inverse?

1. Here Is the graph of y = glx).

7 SORICD
2 HA) » (1)
¥ o (1;?’)*;?’.1}
= = [31 1) N ‘\21 -5:]
a) Sketch the graph of its

inverse on the same grid.

b) Is the inverse a function?
Explain.

) State the domain and range
of the function and its
inverse.

b) No, it is not a function
pecause it fails the
vertieal line test.

) Dt §-44%e3, ek
R: E-1¢yH, yeRY

p
R:
The domain and ronge

have switched!
(This i riof g eoincidence.)
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2. a) Determine an equation
the inverse

y=-x+4

b) Sketch graphs of
y= —x' + dandits
inverse.

¢} Is the imverse a function?

Explain.

o) %= -yt
-\Jl: - tl4
T
Bl i Al

a Punchion.
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The results from Example | show a relationship b
ranges of a function and its inverse.

thed

and

Domain and Range of a Function and Its Inverse

The domain of y = f{x) is the range of x = f{y}, and the range of
¥ = fix) is the domain of x = f{y).

To determine an equation of the inverse
of a function, interchange x and y in
the equation of the function, then

solve the resulting equation for y.

To determine the equation of the
inverse of y = —3x + 72

¥=—3x+ 7 Interchange x and y.
x==3+7 Solvelory
y=—x+7

_—x+7
r==3-

So, the equation of the inverse of y = —=3x + 7isy = _—xsﬂ

Example 2 D ining the Eq and Sketchi

the Graph of the Inverse of a Function

a) Determine an equation of the inverse of p = x* + 3.
b) Sketch graphs of y = x* + 3 and its inverse.
€) Ts the inverse a function? Explain.

SOLUTION
a) To determine an equation of the inverse, interchange x and y then
solve for y.
y=x'+3
x= yx +3
P=x-3
y=tJx—3

An equation of the inverse is: y = +4/x — 3

The inverse is not
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b) Thegraphofy = * + 3is y=x+3

the image of the graph of Y 1z

y = « after a translati i - -
of 3 units up. Sketch the 7
graph of y = »* + 3, then -
reflect some points in the
line y = x by interchanging
their coordinates. Join the y
points with a smooth curve. [ 2

x y==Jx-3

)

Since the graph of the inverse does not pass the vertical line test, the
inverse is not a function.

In Example 2, notice that the distance between a point on the graph of
y = flx) and the line y = x is the same as the distance between the
corresponding point on the graph of x = f(y) and the line y = x. This
characteristic can be used to determine whether the graph of the inverse
has been drawn correctly, or to determine whether two functions are
inverses of each other.

If corresponding points are eqs from the line y = x, then the
midpoint of the line segment joining the points lies on the line y = x.

For example, in Example 2, to determine the midpoint of the line segment.

that joins corresponding points (0, 3) and (3, 0):

. . 0+ +0
Midpoint = (TS, 3T)

&)

Since this point lies on the line y = x,

y=x+38

¥
\ Vi

=

y==
X

(0,3) and (3, 0) are equidi
the line. So, the graphs are likely
inverses of each other.

from

Exarmples 1 and 2 illustrate that the inverse of a function may notbe a
function. The domain of f{x) can be restricted to ensure that its inverse is a

function.

THINK FURTHER

When Is the inverse of a function also a function?

A
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Check Your Understanding

3. Determine two ways to restrict the
domainofy = (x — 1f + 3
so that its inverse is a function.
Write the equation of the
Inverse each time. Use a graph
to lllustrate each way.

y={x=1f 43

A vertex @ (1,3)
O 31 or x¢d
%= (1) +3
(y-'= x-3
y-1 = 3."X~3
MEEACTERRS
(this 15 before restrickions)
© The range of the inverse
sy ¥
AR LIRS
@ The range of the inverse
Is yé 1.

Example 3
of a Function

Determine two ways to restrict the domain

ofy = —x + 550 thatits inverse is a
function. Write the equation of the
inverse each time.

Use a graph to illustrate each way.

SOLUTION

Sketch the graph of the inverse.
Determine an equation of the inverse:

x=-y'+5
y=-x+5
y==v—x+5

The graph of the inverse does not
pass the vertical line test, so it is
not a function.

The part of the graph on or above
the x-axis does pass the vertical
line test, so it does represent a
function.

Itsequationisy = «/—x + 5
and its range is y = 0.

So, restrict the domain of
y=-x+5tox = 0.

The part of the graph on or below the
x-axis does pass the vertical line test,
s0 it does represent a function.
Itsequationisy = —v/—x + 5

and its rangeisy < 0.

So, another way is to restrict the
domain of y = —x* + 5tox = 0.

3.5 Inverse Relations

y= —x24+5 x=0.
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Determining Restrictions on the Domain

yraxi+5 |y

y=-x4Sx=0]Y

y=—a"x+5



® The range

fs y &1,

y=

and its rangeisy = 0.

1K= 5 +1] s SjuanI G Y — Ty A T 3

of the Vnverse So, another way is to restrict the
domain of p = —x" + 5tox = 0.

=J%-3 1

THINK FURTHER

In Example 3, are there other ways to restrict the domain so the inverse s a function?

Explain.
A
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4. a) Determine algebralcally
whether the functions in

Example 4 Determining Whether Two Functions Are
nverses of Each Other
a) Determine algebraically whether the functions in each pair are
inverses of each other.
x+3

i)

b) i)

) y=7x—3andy="=
) y=(x—-2+Lx<sZ2andy=yx—1+2
b) Verify the answers to part a graphically.

SOLUTION
a) i) Determine an equation of the inverse ul'y =7x—3

Interchange x and y, then solve for y.

x=7y-3
x+3=7Ty

-+ 3

Y

An equation of the inverse is: y = = ‘-‘; g

Since this matches the given equation, ¥ = 7x — 3and

y= x_*}-_ﬁ are inverses of each other.

Determine an equation of the inverse of y = (x — 20+ 1,

x = 2. Interchange x and y, then solve for y.
t=p-D+1

x=1=(y—2)
Efx—1=y-12
=ty — 142

Since the domain of p = (x — 2)' + Lisx = 2, then the

range of its inverse is y = 2.

So,mcqunﬁunnl’&cinvmei:cy =—wx—1+12

Since this equation is not equivalent to the given equation,
¥ = +/x — 1 + 2, the given functions are not inverses of each (ngiﬁue ware ot Since

ather.

Graph y = 7x — 3, y=Tx—3

¥

)-=L7],andy=xunlh: 4

same grid.

The graphs appear to be

i
|l
S
A

reflections of each other in = W

the liney = x. 4

To verify, determine the
midpoint of the line segment
that joins corresponcing points (4, 1) and (1,4):
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y=

X+3

each pair are Inverses of

each other.

I y=3x-6and
¥-0) (—)‘=X;E (—'nof

\)':45'?:'2 y=—x+3x=10

1
el

b) Verify the answers to part a
graphically.
N9 1=3y-6
'I'i:=3>|
= KRE oo ogsd s
y= 5 o y 3(”1( &)
y¥

a) ) y = -x*t3 , %20

o= —:"4—3
yT-: -E3

y = ..||-’x*3
range nﬁnueﬁe 15 y2e)

Assianment: #1,24,57,8,%, 10a 11
gn :
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Midpoint = (%, ]T“)‘ or (g,-g)

Since this point lies on the line y = x, (4, 1) and (1, 4) are
equidistant from the line. So, the graphs are likely inverses of
cach other.

ii) Graphy = (x — 2)" + 1, y=(x—22+1x=2
x=Zy=vx—-1+4+2 ¥
and y = x on the same grid. -
y=@&-2+1Lx=2 \ N
is part of the image of 2 N
y = « after a translati ¥
of 2 units right and 1 unit -2 [0
up.y =+x—1+2is ’,"
the image of y = v/ after
a translation of 1 unit right and 2 units up.

Since the graphs are not reflections of each other in the line
¥ = x, the functions are not inverses of each other.

Discuss the Ideas

1. Is the inverse of a linear function always a function? Is the inverse of a
quadratic function with domain x e [¥ always a function? Explain.

A

2. What is the relationship between the domains and ranges of a
function and its inverse? Explain.

Q

3. What different strategies can you use to sketch the inverse of a
function?

Q
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