3.4 Combining Transformations of Functions

3.4 Combining Transformations of Functions

m Apply translations and stretches to the graphs and
equations of functions.

Get Started

Two different transformation images of the graph of y = /x are shown.
Write an equation for each transformation image.
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Construct Understanding

On the same grid, sketch the graph of each function below then
describe it as a transformation image of the preceding graph.

ey =«
cy =l
-y =gl

1
-y =gl2x + 3)|
cy =1l +3)] +4

Describe how the graph of y = ;:lZ(x + 3)| + 4 isrelated to the
graphof y = |x|.
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Hereis the graph of y = x*and ~ Here is the graph of y = x*and
its images after a translation of its images after a vertical stretch

2 units down, followed by a by a factor of 3, followed by a
vertical stretch by a factor of 3. translation of 2 units down.
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The same transformations are applied, but the image graphs are different.
‘When two or more transformations are applied to a graph, the order in
which the transformations are applied may make a difference; as shown
above.
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Applying a Combination of
Transformations to the Graph of a Function

Check Yo rst n

Here is the graph of y = f{x). Sketch and NI

label its image after a horizontal 1. Here Is the graph of y = gix).
compression by a factor of 3, then a 4 ¥
translation of 3 units left. 2] I

-1\=2 211
SOLUTION
I e

Perform the horizontal compression by a

Sketch and label its image
after a vertical compression

a fac!nrofi. thena

factor of- —; first.
The point (x, y) on y = f(x) corresponds
to the point ( %, y) on the image graph

y= f(?.x). translation of 2 units up.
Q O muttiply y-values by 3

Pointon | Pointon @] add 2 to \/~va]u65
[":—;’(’)% 53) % €5,1) = (5, 3)

-4, 3) -2,

©,-2) © -2) (273 2 €2,-1) ~ (2, 1)

2,5 (1,5) (1,00 > (1,0) + (1, 2)

uz ] e (0) > @,2) = (4,9
Plot the points, then join them in order with line segments to form the Does order matter?
graph of y = f{2x). Then translate this graph 3 units left to form the 3% 1, 2:3

3

graph of y = f{2(x + 3)).

(302)x} +3
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The results from Lessons 3.1 to 3.3 can be combined.

Combining Stretches, C lons, and Translatl

g P

The graph of y — k = afib(x — h)) is the image of the graph
of y = f(x) after these transformations:

* ahorizontal stretch nroumpmssimbyafamrnr—l;
« areflection in the y-axis if b < 05 bl
* a vertical stretch or compression by a factor of |al;

- arceflection in the x-axisifa < 0

Followed by:

+ a horizontal translation of h units
« a vertical translation of k units

Point (x, ¥) on the graph of y = fix} corresponds to the point
(% + h ay + k) on the graph of y — k = af{(b(x — )sthis i the
general transformation.

When graphing from an equation, (o ensure the correct transformation

image is sketched, apply the transformations in this order:
+ stretches or compressions

. i BEDMAS

- translations

should be f
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Using the General Transformation to

Sketch the Graph of a Function
Here is the graph of y = flx). Sketch the graph L
ofy — 6 = f{4(x + 2)). State the domain and || . 2. Horels the goph oy = 1.
range of each function. s g;aph ¢
y+a =r(—2u+ 1)) State the
\\ u / domain and range of each
\ ~ |/ function.
v
I
VY e
SOLUTION il ik
Compare: y — k = af (b(x — k) to LI et
y—6=fldlx+2) =]
k=6a=1b=4andh=-2 1l
So, the graph of y = f(x) is horizontally compressed by a factor of 1, = 1 e
then translated 2 units left and 6 units up. Use the general A
transformation: (x, ) corresponds to (i + hay + k)

The point [x,:,-} ony = f(x) mrr::iplmdstothepoinl(f -2,y + 6) A (@ herizontal stretch by 2
ony = 6 = fld(x + 2)). . . -+ mutiply %-values by 2
Choose some lattice points an y = f(x]), including the intercepts, )
@ no reflection

y=6 = bfx+ 2) ) .
PFolntan | Palnton i ¥ IWH @ tronslation 4 units down
y=f y-ﬁ-f(a{x+1}} ‘l\ & L= 1 Qnd 1 Llnl'i' |C{"i
) (5-2y+6) - Subtract 4 from y-values
(-4,12) | 3,18 s ] and subtract 4 from a-values
-2,0 (25,8 \| L/ (:2,-05) » (4,-05) 2 (5,45
R FREE (1) 2 62,10 2 (3,75
(2,00 (-15,6) =4 I i
1@, 12) 1,18 (1,1) > (2, 1)+ (1,-3)

(2,05) » (4,05)+ (3,35)
Plot the points, then draw a smooth curve through them.

The domain of y = fi(x) is:xe R horizontal GS)'MWC

The range of y = flx)isy = 0 y=o - , =4 ’
The domain of y — 6 = f(4{x + 2)) is: xe R :

The range of y — 6 = f(d(x + 2))isy = 6 vertieal asymptote



FIOL INC POINTS, LICA Araw a SIMootn curve mrougn mnem.

The domain of y = f(x) is: xe R horizontal asymptote
Therange of y = fx)issy = 0 =0 - = *
The domain of y — 6 = f{4(x + 2)) iss xe R y ’ :
Therange of y — 6 = f{4(x + 2))issy = 6 vertical OSyWIP*OfC
X=0 % Yu=]i
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In Chapter 2, you studied the graph of y = ﬁ
Exarmple 3 illustrates 4 transformations of this function.

Example 3 Transforming the Graph of a Radical

Function

_ Use the graph of y = +/X to graph s
3 gﬁ:{a;hffﬂ y + 1 = 2¢/—x + 3. What are the domain
What are the domain and range andrangeof y + 1 = 24/—x + 32 &
ofy-2=-yIx+ % 2 -
¥ X|
4 =
¥RV g
\ X
o\ 4 B SOLUTION
-2 y+1=2/~x+3
4 To write the equation in the form y — k = ay/b(x — h), remove a

common factor of -1 in the radicand.
-2 = - [30ey y+1=2/TG=3)
Q y 30e C()mpm:y—k=amu)y+l=m
@ horizortal compression by 3 | k=-1,a=2b=—1,andh =3
3 muHTpl\, v-vahes \Jy é So, the graph of y = /x is vertically stretched by a factor of 2,
) . N .| reflected in the y-axis, then translated 3 units right and 1 unit down.
@ Verhcal (EPIQ(}{'IOH .(m W) Use the transformation: (xy)ony = /x corresponds to
» y-values switch sign (=x+3,2y— lony + 1 = 2/x + 3.

@ ‘ronslation up 2 ond lC{'\f 1 Choose points on y = /x.
+ add 2 fo y-vdues,

subtrack 1 $rom xvalues Wy | (—x+3,2y-1)
(0, 0) B-1
(010) ')(010) *(0,0)')(_172) 0, 1) 21 y+|-2~/—x-o—32
1
2 ¥ (4,2 -»(%,—2)-)(3; 0| @2 [cna
9,3) (-6,5)

Plot the points, then draw a smooth curve through them.
Domainofy + 1 = 2y/=x + 3:x = 3
Rangeofy + 1 = 2y/=x +3:y = —1
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Writing the Equation of a Function after

Transformations
The graph of y = g{x) is the image of

, n g 4. The fy =
the graph of y = f(x) after a yvg;;\ ] is mg?ﬂﬁg‘;&mﬁm of
bination of transformati A
= f(x) afte bination of

Corresponding points are labelled. \( \\«B.tﬂx y =MW afra ?m i

q 2 4 points are labelled. Wite then

y=14 verify an equation for the image
Vs graph in terms of the function .

Write then verify an equation for the
image graph in terms of the function f.

SOLUTION

Write the equation for the image graph in the formy — k = af(b(x — h)).
To identify the transformations, use A(1, 1) and B(2, 0.5).

The horizontal distance between A and Bis: [2 — 1] = 1

The vertical distance between A and Bis: [0.5 — 1] = 0.5

Use A'(—1,4) and B'(1,3):

The horizontal distance between A’ and B is: |1 — (—1)| =2

B B
The vertical distance between A’ and B'is: |3 — 4] = 1 A %-valueS decrease by 2
The horizontal distance doubles, so the graph of y = f{(x) is
horizontally stretched by a factor of 2. (olg) -+ ("21 0)

Tl caatlond Batacan dacdilas an tha cvaab ali = o 2o coassSaath.



The horizontal distance between A’ and B is: |1 — (—1)| =2 YIVY B Vg

The vertical distance between A’ and B'is: |3 — 4] = 1 a %-valueS decrease by 2

The horizontal distance doubles, so the graph of y = f{(x) is

horizontally stretched by a factor of 2. (olg) g (.'21 0)

The vertical distance doubles, so the graph of y = f(x) is vertically

stretched by a factor of 2. (2 4g) e ( 0, -?)

So.a=2mdb=%,ut0.5 | S . n

To determine the coordinates of A(1, 1) after these stretches, substitute: vertical compression by 2
fx 1 translation down oy 't

x=1y=1la=2andb=05in (3 ay) to get (55, 2} or (2,2). - bex12)

Determine the translation that would move (2, 2) to A'(—1, 4).

::nznslmonum units left and 2 units up is required, so k = —3 and y - 12 F(’X*Z) -

An equation for the image graph in terms of f(x) is:

y—2=2f(0.5(x+3)) janment :

Each point (x, ) on y = f(x) corresponds to the point (2x — 3,2y + 2) +#3- B, q ? 10

ony — 2= 2f{0.5(x + 3)).
So, the image of B(2, 0.5) is: (2(2) — 3,2(0.5) + 2), or B'(1,3)
Since B’ lies on y = g{x), the equation is likely correct.
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