3.3 Stretching and Compressing Graphs

3.3 Stretching and Compressing Graphs of Functions

m Relate changes in the equation of a function to stretches
and compressions of its graph.

Get Started
Here is the graph of y = % AERRYS
How is the graph of y = ax” related to the \ 1
graph of y = ¥* for each value of a? 2
ca=05 e z
A 2
ca=2
A
ca=-05
A
ca=-2

Construct Understanding

Look at the following graphs.

Each graph is the image of the graph of y = /x after a transformation.
A point on the graph of y = /x and its images are shown.

How does the graph of y = ay/x compare to the graph of y = \/x?

What is the effect of a?
How does the graph of y = /Bx compare to the graph of y = \/x?
What is the effect of b2

How does the graph of y = ay/bx compare to the graph of y = N
What are the effects of @ and 2
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Graphs of the form y = ay/bx
y= 42 y= 245 “
N
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Consider the graph of ¥ = ', yee y-let
11 y is replaced with 2y, the equation becomes ML a‘y
Zyzx’,ur,\raix’. 3 Il
Ify is replaced with 3y, the equation b E

—30)
%y=a",my=2}?‘ ] N
Look at the points where the graphs intersect the ‘iF -
vertical line x = 2: A(2, 8), B(2,4), C(2, 16) I

L]
The p-coordinate nfpcinl.Bis% the y-coordinate y=at
of point A. This will be true for any point ony = x* and the point with
the same x-coordinate on y = 33",
So, the graph of y = %x’isl]wimugeafdlcgraphu(y = aftera
vertical compression by a ]'m:mruf%.
The y-coordinate of point C is 2 times the y-coordinate of point A.
This will be true for any point on y = x° and the point with the same
x-coordinate ony = 2x.
So, the graph of y = 2" is the image of the graph of y = x’ aftera
vertical stretch by a factor of 2.
Consider the graph of y = »*. T 7T

. 1 - L
If y is replaced with —3y, the equation becomes Pl

|+
[t
L3

—'%y = x’,m—y =—2¢,

The p-coordinate of point D(2, —16) is —2 times
the y-coordinate of point A(2, 8). This will be
true for any point ony = x* and the point with Nl
the same x-coordinate on y = —2x'.

So, the graph of y = —2x" is the image of the graph of y = X’ aftera
vertical stretch by a factor of 2 and a reflection in the x-axis.

3

" ——_
Compr and

The graph of y = afix) is the image of the graph of y = f{x) after

a vertical stretch, compression, or reflection. Point (x, ) on

¥ = flx) corresponds to point (x, ay) on y = af(x).

* When 0 < |a| < 1, there is a vertical compression by a factor
of lal.




“The graph of y = @fix) 1s the image of the graph ot y = f(x) aiter
a vertical stretch, compression, or reflection. Point (x, ) on
¥ = fx) corresponds to point (% ay) on y = afix).
» When 0 < |a| = 1, there is a vertical compression by a factor
of |al.
. W'IluLM = 1, there is a vertical stretch by a factor of Jal.
* When a < 0, there is a reflection in the x-axis as well as the stretch

Of compression.
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Example 1

Sketching the Graph of a Function after a
Vertical Stretch and Reflection

Here is the graph of y = g(x). ML
1. Here s the graph of y = f(x).
Sketch the graph of Sketch the graph of y = —3g(x). -
1 State the domain and range of
y= -3 each function. £
State the domain and range of 1= 1 ¥
each function. T ¥ ad
s I
o e
. SOLUTION
=0 - 3 Compare ¥ = ag{x) toy = —3g(x):
1 a=-3
So, the graph of y = gix] is vertically stretched by a factor of 3, then

Q  Mulirply y-values by | reflected in the x-axis.
Usez (x,y) ony = glx) corresponds to {x, =3y} ony = —3g(x).

(' E, g) — (‘g‘, "2) Chou;e the intercepls and some lattice points on y = g(x).
) nultiphy \-values by 3
(—LII‘+) - (‘- L}}‘l} Point on Point on 1o ¥ _,.._lrul,q
y=gl | y=-3gl s
(00) = (0.9 | 5% [@s -
(44) = (4,1 i~1.0) (-1,0) DI
0, =1 10,3) | J
(8,9) = (8,°2) o 00 A AV
y: F(‘Q (2, -3) 2,9 L x
) A AN
0: E‘H-.Rg 1L {-ﬁ
I 1 > R
I;l;]ﬁ%ll\} R EE‘F- oay 3 Plot the points, then draw a smooth curve through them,
= -kf(x Bath functions have domain: x = R
[gll n y * The range of y = glx)isy < 0
$ IFS) D %\UE;RE The range of y = —3glx}iscy = 0

In Example 1, the graph of y = gix) has equation y = —|—x + 1]. What Is the
explict equation for y = —3g(x)?
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Consider the graph of y = ¥
I x is replaced with 2x, the equation P 1V ELE
becomes y = (2x)°,

i
Tf xis replaced with%x. the equati x
14 —1E 4 18
becomes y = (]x) . »
Look at the points where the graphs y = (2

intersect the horizontal liney = 64: =t

Al4, 64), B(2, 64), C(16,64)

The x-coordinate of point B is5 the x-coordinate of point A.

This will be true for any point on y = »* and the point with the same
y-coordinate on y = (2x)°. So, the graph of y = {2x)* is the image of the
graph of y = x* afler & horizontal compression by a factor of 5.

The x-coordinate of point C is 4 times the x-coordinate of point A.

This will be true for any point on y = % and the point with the same

L L
y-coordinate on y = (%:) . S0, the graph of y = Gx) is the image of the
graphof y = x’a&ﬂuhoﬁmnta]mbyafaclnruf{

Consider the graph of y = &°. 4 PRI
1f xis replaced with —bx, the ol Jr=¥
: 1y
equation becomes y =(—ix)- P =2 [-B -4 /0
32

The x-coordinate of point PEYImT
D(—16, 64) is —4 times the 4
x-coordinate of point A(4, 64).

This will be true for any peinton y = « and the point with the same

s s
y-coordinate on y = (—:x) .So, the graph of y = (—;x) is the image of
the graph of y = »* after a horizontal stretch by a factor of 4 and a
reflection in the y-axis.

Horl I Stretches, Comprassi and Reflecti.
The graph of § = flbx) is the image of the graph of y = f(x) aftera
hori I stretch, ion, or reflection. Point (%, y) on

¥ =ﬂx)wm8plmdsmpnint(—:,y)my = fibx).
- When /2|5 = l,llltrcisabwizmtalmttdlbyafnmarafl—;l_

* When [B] >1.wa:hahmnwmmprmbya&cw:urrzl.
» When b = 0, there is a reflection in the y-axis as well as the stretch

OF COmpression.
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Check Your Understanding
2. Here Is the graph of y = gix).
Sketch the graph of
¥ = gi0.5x). State the domain
and range of each function.

e 1¥

RG]

lla

=N

A divide values b)l 0.5
(32) = (6D
(13 — (25)
(g’qg)_\ (0,45)
(3,3 — (6,2
(4:2) = (8:2)

=tjf)(}
D:§-3¢% LYy KeRT
E:g-zéyss,yeki’

divide
bj 0.5

ytq{oﬁx)
D:§ -6¢x¢8,%eRE
R:§-2¢y¢5,y€R?
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Example 2 Sketching the Graph of a Function after a
Horizontal Stretch and Reflection
Here is the graph of y = f(x). Sketch the s [
graph of y = f{—3x). State the domain P ‘L
and range of each function. NSRS
x|
-3 T4 1o

SOLUTION
Compare y = fibx)to y = f(—3xk b =-3
So, the graph of y = f{x) is horizontally
compressed by a factor nfgl. then reflected in the y-axis.
Usex (x,y) on y = f{x) correspands to (:xj,y) ony = f(—3x).
The graph consists of line seg Choose the endpoints of the line
segments.

diyide 2-values by -3

Pointon | Pointon an

y =1l y=f(=3x) =14

(58, -4) 2 -4 x

#3.6 .6 -4 f" Io \i\i

) .9 T

{6 —2) =2 -2) i

Plot the points, then join them in order with line segments,

Thedomainof y = fix)is: —6 < x =< 6
Thedomainof y = fil-3x}is: =2 <= x = 2
Both functions have range: —4 < y = 6

Chapter 3; Transforming Graphs of Functions

Combining Transformations
Stretches, compressions, and reflections may be combined.
The point (x, ) on ¥ = fix) corresponds to the point (’—;,ay)un

y = af(bx).

Sketching the Graph of a Function after a
Combination of Transformations

DO NOT COFY. ©F

Here is the graph of y = k{x).
Sketch the graph of y = —Lh(2¢).

3. Here ks the graph of y = fix).

Sketch the graph of

State the domain and range of each fi

SOLUTION

a=—Jandb=2

Choose lattice points on y = h(x).

Compare y = ah(bx) toy = —;ﬁ(lx}:

=

¥ = 4{=05x). State the

1 domain and range of each

function.

¥

So, the graph of y = hix) is vertically compressed by a factor uf—;.
horizontally compressed by a factor ufl, then reflected in the x-axis.

Use: (x, ¥) ony = hix) corresponds l.u(%. —%y) ony = —;Mlx}.

Point on Point on f2{*
y=hi) | y=—05h{2x) A

i-2,12) (-1, -6) = A
(-1,2) (-0.5, -1) ,
0,4 0 -2) \J Y
(1,8 0.5 -3) aln

(2, —4) 1,2

4 i

. SN .
mul‘l'l'ply \}-ualues b) 4
divide %-values lcy -05
(20) = (4,0)
(1) > (2 %)
(2,2) » (4,8
(1.3) = (4,12

gu foo divide by -0.5
E'X} 2 7(&231 (aujn?{ws)

R: 2y 2o, 96R§
y-:l%?GO-S'?‘Q ﬂmuﬁtplj

e W




L Ly L D: 37%2-2,%XeRS
(0,4) ©, -2) -2 . 4
1,6 0.5, -3) y= —érm{‘ R: Ey 20,y€eR?
z-9 |02 y=4 fosx) multiply
Y
Plot the points, then join them with a smooth curve. D: g REY ) XEK? b‘\,

Both functions have domain: xe R R: % y 20 5 y cR g
Both functions have range: ye [

“ign o)

<
L
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Example 4 Writing an Equation of the Image Graph

after Transformations
Check Your Understanding
The graphs of ¥ = f(x) and its image after 127
4. The graphs of y = f(x) and its a vertical and/or horizontal stretch are
image after a vertical andfor shown. Write an equation of the image &
horizontal compression are graph in terms of the function f.
shown. Write an equation
of the image graph in
terms of the function f. FR= =4
"
(15, :-5) 8.9 y=14
T ;l‘ T
SOLUTION
Identify corresponding points on y = f{(x) and its image.
x A local maximum of y = fix) has coordinates (—2, 4).
BRI\ E The corresponding local maxi of its image has coordinates
-4 (—8,12).
I = An equation for the image graph after a vertical and/or horizontal
stretch can be written in the form y = af (bx).
A (31%) (15,"\5) A p_uint (x,y) on y = f(x) corresponds to the point (’-’:, uy) on
y y = af(bx).
(2:8)*(1,D So, the image of (—2, 4) m(‘Tz a(4)), whichiis (~8, 12).
1
muitiply 2 Equate the x-coordinates: Equate the y-coordinates:
1 _g==2 12 = al4)
Y= 2120 $=3 a=3
=1
b= or 0.25
So, an equation is:y = 3]'(%::)
Verily with a different pair of corresponding points.
(1,4) lies ony = fix) w(ﬁs, 3(4)), or (4, 12) should lie on
. . = 3 '(lx). which it does.
Assngnmen+» At .
So, the equation y = 3}'(;::) is likely correct.
#1358 10-14
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