3.1 Translating Graphs

3.1 Translating Graphs of Functions

m Relate ct in the tion of a function to vertical and

horizontal translations of its graph.

Get Started
Here is the graph of y = x*. A
How is the graph of y = x* + g related to the " 1
graph of y = »* for each value of g? =
eg= =%+ -
g=73 )’ x+3 T3 Tel
A ~ymoved up 3 units ‘

cg=-3 y=’x’~3

QA smoved down 3 unts
How is the graph of y = (x — h)* related to the graph of y = x* for each
value of 2
ch=-3 = (x-¢-») )

N 32 (x+3) > moved fothe teft 3 wnits

ch=4  y= (x=-4)*
A - moved Fothe mgh’f U umbs

Pbsolute value is the distance Construct Understanding

from 0. The graphsofy = |xl,y = 1 = |xhy + 1 = |xhy — 3 = |z},
l_sl =5 andy + 3 = |x| are shown on grid I.
The graphs of y = |x|,y = |x + 1|,y = |x — 1],y = |x + 3], and
19 l =9 y = |x — 3| are shown on grid I,
Thegraphsofy = |x|,y — 1 =[x + 3|,y + 1 = |x = 2|,
~ ]‘Z y+3=|x+ 1,andy — 2 = |x — 3| are shown on grid ITL.
| 1-3] - |-.2 - Tdentify each graph. Use graphing technology to check that you
have identified the graphs correctly.
How does the graph of y — k = |x| compare to the graph of
¥ = |x|? What is the effect of k& How does the graph of y = |x — k|
compare to the graph of y = |x|? What is the effect of h?
How does the graph of y — k = |x — h| compare to the graph of
y = |x|? What are the effects of h and k2
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y=uI+3 5 y-3 = x|
Grid1 yhaet 5 y-1=xl
| yeo X
A -
Mk 4— y:|y]-1
A o yrtelxl
x| \ _ '”‘1
= y=ixi-3 2|=2
ye3=ixl -3 fisl=3
\/=|’x +3]
Grid I ‘ /y=lx*1|
=|x|
v LY
J7 —y: |%x-1]
)
Ny
=4 |2 |0

y=lxes)i syt =[x+3]
Grid Ill ~
y=l'x-3|fz;>lv-z=l'x-3l \ k/Y'M
L 1135y <l

NI N yeln-2l-1 5 yri=neal

N
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The graph of a function y = f(x) may be translated vertically or
horizontally.

For example, the graph of y = /x + 2is

: A [y=+x+2
the image of the graph of y = Vxaftera =
vertical translation of 2 units up. y=+/x
The graph of y = /x — 1 is the image y=x-1
of the graph of y = /x afler a vertical 0]
translation of 1 unit down. =
The equations of the image graphs
may be writtenas y + 1 = /xand as

y—2=4x

The graph of y = (x + 2’ is the image y=x

of the graph of y = x” after a horizontal I l’ u 1’ [
translation of 2 units left. y-,ﬁTb

The graph of y = (x — 3)*is the image i
of the graph of y = x* after a horizontal N
translation of 3 units right. II / ~
The image of the graph of a function y = f{x) after a vertical or
horizontal translation is congruent to the graph of y = f(x), and both
graphs have the same orientation.

A

/
IIZITE

—_

Horizontal Translation

Thegraph of y = f(x — h)isa y=1x
horizontal translation of the y=fx—h),h=0f |¥]
graph of y = f{x).

When h = 0, the graph of

¥ = f(x) is translated

I units right.

When h < 0, the graph of

y = flx) is translated |k | units left.

Vertical Translation

The graph of y — k = f(x) is a vertical
translation of the graph of y = f(x).
When k = 0, the graph of y = f(x) is
translated k units up.

When k < 0, the graph of y = f(x) is
translated | k| units down.

y=fx—h,h=>0

y— k=13, k>0

=1
'y — k= 13, k=<0
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Sketching the Graph of a Function after a
Single Translation
Here is the graph of y = f(x). B[ ¥ ‘
Sketch the image graph after each i 1. Here s the graph of y = gix).
lation. Write the equati / . Sketch the image graph after
of the image graph in terms = 3 [0 each translation. Write the
of the function f. [[ " equation of the image graph in
: terms of the function g. State
State the domain and range of the domain and range of each
cach function. - function.
a) atranslation of 3 units right 2) a translation of 4 units left

b) atranslation of 2 units down
b) a translation of 1 unit up

SOLUTION

a) Translate each point on the graph of y = f(x) 3 units right.
Since the translation is horizontal, the equation of the image ¥k




©) & UTANSIENen U1 £ UNis aown

b) a translation of 1 unit up

SOLUTION Y
a) Translate each point on the graph of y = f(x) 3 units right. /\%—
Since the translation is horizontal, the equation of the image =10
graph has the form y = f(x — h). The translation is 3 units right, X
so h = 3. The equation of the image graph is: y = f{x — 3) -2 T2 aTE
y=fn | 1y
y=fx=3%

A 0) y=90x+)
D: {-5¢x¢2,XeR]
R: {2€y£5,yeﬂii

b)y :300 t1
D:§-1¢Xx¢b,xeR?
R:§3¢y206,yeRS

ANy

The domain of y = flx)is: =5 < x < 6
Thedomainofy = flx —3)is -2 < x =< 9
Both functions have the same range: —4 < y =< 3

b) Translate each point on the graph of y = f(x) 2 units down.

Since the translation is vertical, the equation of the image graph
has the form y — k = f(x). The translation is 2 units down,

sok = —2. The equation of the image graph is: y — (—2) = f(x),
ory +2 = flx)

= AN

e
RN

y42=84
-6

X

Both functions have the same domain: =5 = x < 6
Therangeof y = f(x)is: —4 <y = 3
Therangeof y +2 = flx)iss —6 < y < 1
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The graph of a function y = f(x) NAFSEE (S
may be translated both horizontally and
vertically. For example, the graph of 2
y — 4= —(x — 2)" is the image of the X
graph of y = —x*after a translation of =4 =2 02 |4
2 units right and 4 units up. 2

2= I

Horizontal and Vertical Translations

The graph of y — k = flx — h) is the image of the graph of
y = f(x) after a vertical translation of k units, and a horizontal
translation of k units.

Example 2

Sketching the Graph of a Function after a
Combination of Translations

Here is the graph of y = f(x). Sketch the ¥ 1
2. Here is the graph of y = j{x). image graph after a translation of 5 units 7 5 yER | [
Sketch the image graph after a right and 3 units down. Write the f F.
:msllaﬁmf :V_:Il'%t and equation of the image graph in terms =4 Top 1]
e}%ﬁirﬁ@ graphiin of the function f. State the domain and 2
terms of the function J. State range of each function. 1y
the domain and range of each
function. SOLUTION o
T TXTIT Mark some lattice points on y = f(x), i
% 4 ; translate each point 5 units right and y=1a
NS 3 units down, then join the points 2
yiV with a smooth curve. Since the graph 40 \/g 3
3o = of y = f(x) was translated horizontally =2
s and vertically, the equation of the image 1e
! / H graph has the form y — k = f(x — h),
Tt withh = Sand k = -3, -8 Y= A §)
So, the equation of the image graph is:
. y+3=flx-15)
\; =J('XHD'5 Both functions have domain x & [ and range y e R.
D:§xeRS
: -
R:§y* 5,YRY THINK FURTHER
‘f —J (X) Determine a function whose graph and image after a translation of & units right and
= k units up coincide.

D: §XeRS
R: §Y20,y¢RY

Y= Fox-n) +k
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An equation for a graph can be used to write an equation of its
translation image.

An explicit equation is an equation that is written in terms of the
independent variable.

Determining the Equation of an Image

Graph after a Translation

What is the equation of the image graph?
SOLUTION

h=2andk=—1

The graph of y = +/x is translated 2 units right and 1 unit down.

The equation of the image graph has the formy — k = /x — h.

So, the equation of the image graphis: y + 1 = \/x — 2

Check Your Understanding

3.The graphof y = L is
translated 3 units left and
2 units up. What is the equation
of the image graph?

Y

A _ |
xoe ~

Its Equation

Describing the Graph of a Function from

heck Yo rst n

then compare toy — k = th=—6andk =0

translated 6 units left, so its equation is

s

x—h
So, the graph of y = . l ﬁislhegmphofy - ,—l‘ after a translation
of 6 units left.
The vertical asymptote was also

x = —6.Since the graph of y = } was
not translated vertically, the horizontal
asymptote does not change.

R
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Describe how the graph of y = jl.cou.ld have 44
A, Deceribo how the granh of
been translated to create the graph of each NITEP R e
function below. What are the equations of YT Y=3 could have been
the asymptotes of each image graph? = o lated to create the graph
Use graphing technology to check. of each function below. What
1 1 il are the equations of the
A y=1% b)y+tl=5—5 " \ptotes of each image
graph?
SOLUTION yHG
The graph of y = J—l(hus a horizontal asymptote with equation y = 0 ‘{ 1
and a vertical asymptote with equation x = 0. The equation of a
translation image of the graph of y = ;l(can be written in the form . %
- 1
y-k x—h'l 1 Ay-3=5
ri = =— = 1
a) Writey et eyt b)y+4_m

a) moved 3 units up

GsymPTo’reS‘- %=0,Y* 3

1) moved 3 units left, 4 units down
asympi'od'esz x=-3,Yy =-4
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b) Writey + 1 = ;—as
1
y = (1) =g =% then
y = k=2gh = 2andk

pare to

=-1

N

Q

Q

Q

So, the graph of y + 1 =lezislhc

graphof y = ;aﬁcr a translation of 2 units right and 1 unit down.
The horizontal asymptote was also translated 1 unit down, so its
equationisy = —1.

The vertical asymptote was translated 2 units right, so its equation
isx =2.

THINK FURTHER

Why is the equation of a vertical asymptote not affected by a vertical translation?

Discuss the Ideas

1. Suppose you are given the graph of y = f(x) and its image after a
translation. How do you determine an equation of the image graph?

2. How do you recognize that one graph is the image of another after a
vertical or horizontal lation, or a combination of lations?




2. How do you recognize that one graph is the image of another after a
vertical or horizontal lation, or a combination of lations?

Q
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